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It is shown that the set of C” functions on [0, 11 with a Pringsheim singularity 
at each point is a comeager subset of Cz( [0, 11). This answers a question of 
Steinhaus and Marczewski which was posed in a paper of Zahorski. I? 1991 
Academic Press. Inc. 
If S is a C” function, then we can form the Taylor series 
at each point x,,. We say that f is analytic at x0 if T(fi x0) converges to ,f 
in an open neighbourhood of x0. However, r(f; x0) may fail to converge 
in any open neighbourhood of x0, or it may converge in some open 
neighbourhood of x0 but to a function which is different from f: When 
either of these things happens we say that x0 is a singularity of J In the 
former case x0 is called a Pringsheim singularity and in the latter case, a 
Cauchy singularity. 
A natural question is whether there exist functions which have a 
singularity at each point of the unit interval I= [0, 11. (Such functions are 
appropriately called nowhere analytic.) As early as 1893 Pringsheim [3] 
had constructed a function which was singular at dense subset of.Z. Since 
the set of singularities is closed (see [4]), it follows that Pringsheim’s 
function was, in fact, nowhere analytic. In a moment we shall see that such 
functions are typical. More than this is, however, true. 
One can also ask whether there exist functions which have a Cauchy 
(Pringsheim, respectively) singularity at each point. Boas [l] (see also 
[2]) had shown that the set of Cauchy singularities of a function cannot 
contain an interval, so there is no function with a Cauchy singularity at 
each point. There are, however, functions with a Pringsheim singularity at 
each point but their construction is rather complicated (see [4]). In [4], 
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Zahorski had, in fact, shown that C and P are the sets of Cauchy and 
Pringsheim singularities (respectively) if and only if the following holds: 
(i) C is a meager F, subset of Z, 
(ii) P is a G, subset of Z, 
(iii) C v P is closed, and Cn P= Da. 
The purpose of this note is to show that the set of functions with a 
Pringsheim singularity at each point is a comeager subset of ?(I). This 
answers a question posed by Steinhaus and Marczewski in [4]. Here we 
view Cm(Z) as being equipped with the metric d defined by 
where I, = SUP {I f”%)l : XEZ}. Cm(Z) is complete under d and the 
metric topology is the same as that induced by the collection of quasi- 
norms pn, n 2 0. Also if we let 
U,(E)= {cp~C’(Z):p~(rp)<s,fork=O, . . . . n}, 
then {U,(E) : E > 0, n 2 0} is a neighbourhood base at the zero function in 
the metric topology. The translations 
U,(f; El = if+ cp: cp E K(~)~ 
thus provide a basis of open sets for the metric topology. 
THEOREM 1. The set PS of functions with a Pringsheim singularity at 
each point is a comeager G6 subset of P(Z). 
Proof: Supposef$ PS. Then there is an x,, such that T(f; x,,) converges 
in an open neighbourhood of x0. So the radius of convergence, q(x,,), of 
T(f; x0) must be positive. 
Now 
lim sup f’“‘(%) ‘ln _ 1 
n-o0 I I n! rfbo) 
so we can find an n, such that 
for all n 2 n,. Let 
B= Max { If’“‘(x,,)/n! [‘In : ntn,}, 
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and take A4 to be an integer with M>, Max{ B, 2/r,(x,,)j. Then for all n we 
have 
If’“‘(X,)( <M”.n! 
So if we let 
F(M) = (fE P(Z) 
then 
: (~x,)(Vn)(l .f’“‘(X”)l < M” .fl!)), 
PS=C”(Z)- fi F(M). 
M=l 
We will show in Lemmas 2 and 3 that F(M) is closed and nowhere dense. 
From this the results follow immediately. 
LEMMA 2. F(M) is a closed subset of F(Z). 
Proof: Suppose (fk )k a l is a sequence in F(M) which converges to ,J 
Then there is a sequence (x~)~~, in I such that 
( fy)-“‘(x,)I < M” .n! 
for all n > 0 and all k > 1. By passing to a subsequence if necessary, we may 
assume there is an x0 E Z such that xk + x0 as k -+ 3cj. Now fix n. Then 
I .f’“‘(X”)l f I .f’“‘(x,) -f “f)(xk)/ 
+ I f’“‘(x,) -fl!%&)l + I fp’(xk)l 
G 1 f’“‘(x,)-f(“‘(xk)l +p,,(f-.fk)+ M”.n!. 
But as k -+ co, the first term tends to zero by the continuity offtn) and 
p,(f-f,)+O because d(f-f,)-+O. So 
( f (n)(xO)l < M” . n!. 
Thus f E F(M) and so F(M) is closed. 
LEMMA 3. F(M) is nowhere dense in C”(Z). 
Proof: It will suffice to show that for any f E F(M) and each E > 0 and 
n 3 0, there is a g E U,(f; E) - F(M). So fix E and n. Since f E F(M), there 
is an x0 in Z such that 1 f ‘k’(xo)l d Mk . k!, for all k >, 0. Let 
g(x)=f(x)+(E/2).b-“.cp[b(x-x0)], 
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where 
b=(6/~).M”+‘-(n+ l)!, 
and 
if n is even, 
if n is odd. 
Then for each k = 0, . . . . II we have 
So g E .!J,(f; E). Also 
Hence g $ F(M) and this completes the proof. 
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